For the Abner Shimony (AS) inequalities, the simplest unified forms of directions attaining the maximum quantum violation are investigated. Based on these directions, a family of EinsteinPodolsky-Rosen (EPR) steering inequalities is derived from the AS inequalities in a systematic manner. For these inequalities, the local hidden state (LHS) bounds are strictly less than the local hidden variable (LHV) bounds. This means that the EPR steering is a form of quantum nonlocality strictly weaker than Bell-nonlocality.
I. INTRODUCTION
Quantum entanglement distinguishes quantum theory from classical theory. With entangled states, the first authors to identify an interesting nonlocal effect were Einstein, Podolsky, and Rosen (EPR) in 1935 [1] . Subsequently, the concept of steering was first introduced in 1935 by Schrödinger [2] as a reply to the EinsteinPodolsky-Rosen [1] paradox. EPR steering reflects a "spooky action" feature that manipulating one object seemingly affects another instantaneously, even it is far away. Wiseman pointed out in [4] that steerability is stronger than entanglement but it is weaker than Bell nonlocality. Different from entanglement and Bell nonlocality, quantum steering is asymmetric between the two parties. In details, It may happen that Alice can steer Bob but Bob can never steer Alice. This distinguished feature would be useful for some one-way quantum information tasks, such as quantum cryptography [3] .
In 1964, Bell proposed an famous inequality for local hidden variable (LHV) models [5] to refute EPR paradox. Bell inequalities revealed that quantum mechanics is incompatible with local realism. The more Bell inequalities we know, the more we know about the boundaries between Einstein's local realism and the genuinely nonclassical areas of quantum physics, which are potentially useful in quantum information applications. For instance, Bell inequalities have gained a utilitarian power in different quantum information tasks, such as quantum key distribution [6] , communication complexity [7] , and recently random number generation [8] .
Similar to Bell inequalities, steering inequalities [9] have been proposed to reveal the EPR steerability of quantum states. It is in principle easier to experimentally observe the violation than Bell inequalities, because one has no concerns about closing the notorious locality loophole as in a Bell test [10] . Therefore, there is an important research significance in theory [11] [12] [13] and experiment [9, 14] . Based on the research approaches in the field of Bell's nonlocality, we have constructed chained steering inequalities from the chained Bell inequalities [15] . Since the more steering inequalities we know, the more steerable states can be detected. In this paper, we focus on deriving EPR steering inequalities from the Abner Shimony (AS) inequalities introduced in Ref. [16] .
Without loss of generality, we will take an Alice-toBob steering scenario where correlations between classical variables declared by Alice but quantum expectation values found by Bob, in this sense [9] . In fact, Bob's directions are taken as those that can maximally violate the AS inequalities. Then a family of steering inequalities are constructed. Finally, a comparison between their local hidden state (LHS) bound and their quantum violation is made in a systematical manner. Thus, based on the comparison, we are able to compare the EPR steering with the Bell nonlocality.
The paper is organized as follows. In Sec. II, we shall be briefly reviewing the AS inequalities and research the arXiv:1808.04667v1 [quant-ph] 14 Aug 2018 corresponding directions taken by Alice and Bob for every N , for which the maximum quantum values can be obtained. In Sec. III, we will derive EPR-steering inequalities from the Abner Shimony inequalities, and compute the LHS bounds. By comparing the LHS bounds and the LHV bounds, we can find that EPR-steering is a form of quantum nonlocality strictly weaker than Bellnonlocality. Conclusions and discussion are put in the end of the paper.
II. THE AS INEQUALITIES
The AS inequalities are a new family of tight bipartite Bell inequalities for any even number N of inputs and binary outcomes, generalizing a tight inequality introduced in Ref. [17] . For binary inputs, the AS inequality is nothing but the Clauser-Horne-Shimony-Holt (CHSH) inequality [18] (see Eq. (14)). For ternary inputs, there is no new correlation inequality [17, 19] . For any even number N of settings with two possible outcomes, the AS Bell inequalities can be written as [16] 
is the Bell expression, where AS N [i, j] is the ith row and jth column element of the following matrix AS N , A i B j denotes the mean value of the product of the outcomes of A i (measured on Alice's particle) and B j (measured on Bob's particle), and
is the classical bound for LHV models. The bound is obtained straightforwardly by the definition of the LHV models, i.e., by numerating all possible values
For any N ≥ 2 and i = 1, 2, · · · , N, if Alice and Bob choose the following directions
and
respectively, then the observables that Alice and Bob choose are
respectively, where σ x , σ y , σ z are the Pauli matrices. Thus, the outcomes of A i and B j are either 1 or −1.
Assume that the initial quantum state of the compound system C 2 ⊗ C 2 is in the Spin singlet state
here |0 and |1 are eigenstates of σ z with eigenvalues 1 and −1, respectively. Then
By Ref. [17] , the maximum quantum value of I N is
Since the directions that Alice and Bob choose to attain the maximum quantum value are not unique, we assume that Alice and Bob choose the measurement directions with the following forms:
here
.
To the best of our knowledge, directions (12) and (13) are the simplest unified forms for N = 4, 6, 8, 10 to attain the maximum quantum value.
In details, we list as follows some case studies:
• N =2: The coefficient matrix AS 2 is
and so the AS inequality is nothing but the CHSH inequality, i.e.,
If Alice and Bob fix their directions as
respectively, where
then the maximum quantum value I QM 2 max = 2 √ 2 is obtained.
• N =4: The coefficient matrix AS 4 is
and so the Bell expression I 4 is , θ 0 = arccos
then the maximum quantum value I is obtained.
• N =6: The coefficient matrix AS 6 is
and so the Bell expression I 6 is
LHV . If Alice and Bob choose the measurement directions with forms as (12) and (13), with
then the maximum quantum value I QM 6 max = 28 √ 3 is obtained.
• N =8: The coefficient matrix AS 8 is 
and so the Bell expression I 8 is
If Alice and Bob choose the measurement directions with forms as (12) and (13), with 
then the maximum quantum value I QM 8 max = 12 √ 5 is obtained.
In Figure 1 , we plot Bob's directions (13) attaining the maximum quantum value I QM N max for N = 4, 6, 8 with parameters θ i being fixed as (19) , (21) and (23) respectively.
III. STEERING INEQUALITIES AND COMPARISON
In this section, we derive Einstein-Podolsky-Rosen steering inequality from the Abner Shimony inequality.
In EPR-steering one considers correlations between classical variables declared by Alice but quantum expectation values found by Bob, in this sense, we call it Alice's steering Bob's particle. The steering inequality can be written as:
is the EPR steering expression with A i ∈ {1, −1}, and C N LHS is the classical bound for LHS model, which we shall determine.
If Bob fixes his directions as (13) which maximally violate the AS inequalities, then C N LHS is a function of θ 0 , θ 1 , · · · , θ N −3 . Namely,
We list as follows:
Figure 1. Bob's directions (13) with parameters θi being fixed as (19) , (21) and (23) for N = 4, 6, 8, respectively.
• N =2: If Bob fixes his directions as (16) with θ 0 , θ 1 being listed in (17), then
• N =4: If Bob fixes his directions as (13) with θ 0 , θ 1 being listed in (19) , then
• N =6: If Bob fixes his directions as (13) with θ 0 , θ 1 , θ 2 , θ 3 being listed in (21), then Table I and plotted in Figure 2 .
From Figure 2 , we can see that 
where |ψ denotes the singlet state (9), I 4 is the identity, and V ∈ [0, 1], then we use V N LHV to denote the critical value, above which the state cannot be described by local hidden variables, and V N LHS to denote the critical value, 
0.6726 0.6779 above which the state cannot be described by local hidden states.
By AS Bell inequalities (1), AS steering inequalities (24) and the initial quantum state (34), we get for any N > 2. This means that EPR-steering is a form of quantum nonlocality weaker than Bell-nonlocality, in the sense that some quantum states exist so that they violate the EPR-steering inequality but satisfy the AS-typed Bell inequality. The results are in agreement with the hierarchical structure of quantum nonlocality presented in [4] . To date, we have no idea whether the directions attaining the maximum quantum value of the AS inequalities are optimal in detecting the steerability of Werner states or not. In the future, we shall investigate the optimization directions to detect the steerability of Werner states.
